Computations of unsteady incompressible flows are carried out using the three-dimensional unsteady NavierStokes equations. Space discretization of the equations is achieved by a finite-difference method in a generalized coordinate system. To an explicit time discretization is added an implicit smoothing technique. The pressure equation is solved by minimizing a discrete norm of the velocity divergence. The method is applied to study the flow around an impulsively started circular cylinder.
Introduction
Numerical solutions for incompressible unsteady viscous flows are of great interest in fluid mechanics.
For a complex configuration, a good representation of the physics of the flow requires the use of accurate methods using the least amount of computing time.
The present method, developed at ONERA, solves the three-dimensional time-dependent Navier-Stokes equations in velocity-pressure formulation with a finite-difference space discretization. The time discretization used is an Adams-Bashforth scheme for the convective term and the Euler scheme for the diffusive term. A residual smoothing technique is chosen in order to increase the domain of stability. The pressure is computed by minimizing a norm of the velocity divergence.
The original algorithm in Cartesian coordinates was first developed for studies related to direct simulation of turbulence [2] and vortex breakdown simulation [5] . The current work involves an extension of the two-dimensional curvilinear code developed by the authors [6] into a three-dimensional
code. An example of results obtained with this method is presented in this paper; it is related to the computation of the flow around a circular cylinder between two walls.
Basic equations
The basic equations are the three-dimensional time-dependent incompressible Navier-Stokes equations in velocity-pressure formulation with the continuity equation:
in an unbounded domain L? subjected to Dirichlet boundary conditions on the body surface r, a freestream condition at infinity, _u(x, r) = U> on r= afi,
and a prescribed initial condition _U(X, t=O)= U,(X), inB=fi++, _U, P, t and Re stand for velocity vector, pressure, time and Reynolds number. They are rewritten as follows: where subscripts denote spatial derivatives.
Metrics are evaluated from the following formulas: and the continuity equation becomes
The diffusive term is written as the divergence of the gradient of the velocity, with in symbolic form. This formulation of the diffusive term is used rather than that of the Laplacian operator. They are identical for the continuous partial differential equations, but storage of the metrics for the discretized Laplacian operator is much larger.
Numerical method
These equations are discretized using a second-order finite-difference scheme. The time discretization used is an Adams-Bashforth scheme for the convective term and the explicit Euler rule for the diffusive term [3] . The semi-discrete version of (3) and (4) 
with u* = :u* -iundl_
All the spatial derivatives are approximated by central finite differences except on the boundaries where noncentered or periodic relations are used. Discretizing (5) and (6) gives
A, K, G and D are the matrices representing convection, diffusion, gradient and divergence operators, respectively.
L is an implicit residual smoothing operator including the boundary conditions. It is a factorized operator which has been previously used in Cartesian computation cases [3] :
The L, operator is approximated by
in which cross derivatives having been neglected. L, and L, are defined similarly. The derivatives in the right-hand side of the above relation are calculated by a second-order centered finite-difference approximation. The L matrix is a tridiagonal matrix, with a special treatment of the first and last lines to impose boundary and periodic conditions (see [3] ).
The above operator L allows to improve the stability of the numerical scheme as demonstrated in [4] . This implicit operator does not modify the original accuracy of the scheme with a suitable choice of the parameter 8. As in [3, 7] , fl is defined in the following manner: Applying now the operator L -' and then the discretized divergence operator D to (7) we obtain a discrete equation to determine the total pressure:
and writing that Un+r is divergence free, (9) becomes: 
MQ n+v*_+(),
with
00)
This equation is solved using an iterative method [8] which minimizes an I,-norm of the residual. This residual is directly related to the divergence of the velocity at time (n + 1) At:
where k is the iteration number. Thus, minimizing the pressure equation solves the continuity equation.
Linear systems of the type Y = L-'X which appear in (7) and (9) are solved via LU decomposition. This decomposition is done only once at the beginning of the computation. A simple backward-forward sweep in each space direction and at each time step is then performed.
Computational results
The 3-D numerical result given here is related to the computation of the flow around a circular cylinder between two walls for which experimental data will be available. Boundary and initial conditions are: (i) no slip on the surface of the cylinder and on the two walls; (ii) a free stream condition at infinity; (iii) the cylinder is initially at rest in the fluid. Results are presented for two Reynolds numbers Re = 200 and Re = 1000 (based on the velocity profile at infinity and on the cylinder diameter D). Grid generation is of "0" type. The three-dimensional mesh is built in the usual way stacking the two-dimensional grid, generated around selected spanwise sections of the cylinder. Such a mesh introduces a condition of periodicity in the azimuthal direction 7.
A perspective view of the discretized domain is shown in Fig. 1 . The length between the two walls is 5 diameters. The computational domain is limited to r, = 5D. For Re = 200 the grid consists of 81 nodes in the radial (5) direction, 81 in the azimuthal (17) direction and 101 in the spanwise (J) direction, and for Re = 1000 a grid system of 121 X 121 x 121 nodes has been chosen. Calculations were made on CRAY 2 and the computational cost is about 2 . 1O-5 seconds per point and per time step to obtain a divergence norm less than 10-3. The dimensionless time step is 0.02 for Re = 200 and 0.015 for Re = 1000.
The velocity profile time evolution behind the cylinder in the midspan section is reported in Fig. 2 A similar curve for Re = 1000 is given in Fig. 3 . The length of the recirculating zone increases with time and is shorter for Re = 1000 than for Re = 200, in accordance with the results obtained in 2-D and in the experiments [l] . We see that the peak of negative velocity increases with time and is more marked when the Reynolds number is greater. Figure 6 shows velocity vectors plot behind the cylinder in the symmetric spanwise plane. For Re = 200 a unique eddy is formed and for Re = 1000 a secondary eddy appears.
The three-dimensional effects are located especially near the walls, the different structures which appear in the flow are noticeably modified in these zones.
Conclusion
Computations of three-dimensional incompressible flows have been carried out using the three-dimensional unsteady Navier-Stokes equations. The method has been applied to the calculation around a circular cylinder. The next stage will consist in validating it for more complex geometries and for higher Reynolds numbers.
Studies in progress are aimed at (i) introducing better adapted boundary conditions, especially on the external downstream boundary; (ii) replacing the Euler scheme in the diffusive term by an Adams-Bashforth one; (iii) using a higher-order finite-difference approximation in space.
